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The aim of this work is to consider the links between consistent and approximate descrip- 
tions of the quantum-classical systems , i.e. systems are composed of two interacting 
subsystems, one of which behaves almost classically while the other requires a quantum 
description. The formulation of a quantum-classical dynamics has attracted considerable 
interests for the last decade [lj, and as is well known, many conceptual difficulties arise in 
making this. It will be shown that mixed quantum-classical dynamics is described by the 
quantum-classical Heisenberg equation for the evolution of observables or by the quantum- 
classical Liouville equation for the evolution of states -[6|. These systems can be 
described by the self-consistent Hamilton and Schrodinger equations set only as an uncor- 
related approximation. 

A description of quantum-classical systems is formulated in terms of two sets of objects: 
observables and states. The mean value (mathematical expectation) of observables defines 
a duality between observables and states and as a consequence there exist two approaches 
to the description of the evolution. 

An observable A(X, X) of a quantum-classical system is a function of canonical vari- 
ables X characterizing classical degrees of freedom and non-commuting self-adjoint opera- 
tors X satisfying canonical commutation relations 4], 6]. For instance, the Hamiltonian of 
a quantum-classical system has the structure 

H(X, X) = H c {X)i + H q {X) + H int (X, X), 

where / is a unit operator, H c , H q , H int are correspondingly, the Hamiltonian of the classical, 
quantum degrees of freedom and their interaction. Further, as an example, we will consider 
a one- dimensional system consisting of two interacting classical and quantum particles (with 
unit masses). In this case 

H c (X) = ^p 2 , H q (X) = ±p 2 , H- mb (X,X) = ${q,q), 

where p, q are canonical variables of a classical particle, q,p are self-adjoint operators satis- 
fying canonical commutation relations and the function $ is an interaction potential. 
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The mean value of the observable A(X, X) at time instant t G K. is defined by the positive 
continuous linear functional on the space of observables which can be defined in two different 

ways 

(A)(t) = JdXTrA(t,X,X)D(0,X,X) = (1) 
= J dXTiA(0,X,X)D(t,X,X), 

where A(0,X, X) is an observable at the initial instant t = 0, D(0, X, X) is the density 
operator depending on classical canonical variables and J dX Tr D(0, X, X) = 1. 

The evolution of observables A(t) = A(t, X, X) is described by the initial- value problem 
of the quantum-classical Heisenberg equation 

^A(t) = CA(t), (2) 
A(t)\ t=0 = A(0), 

where the generator C of this evolution equation depends on the quantization rule of a 
quantum subsystem. In the case of the Weyl quantization it has the form [41], p] 

CA{t) = ~[A(t),H] + 1 -{{A(t) 1 H} - {H,A(t)}), (3) 

where H = H(X,X) is the Hamiltonian, [. , .] is a commutator of operators and { . , . } is 



the Poissou 1 >raekets. For some other quantization rules the operator £ is defined in ^],|(3|. 

In the case of a one- dimensional system consisting of two interacting classical and quan- 
tum particles in the configuration representation expression ([3]) has a form 

(CA) (q, p- £, = -- ( - ^(-A c + AjO + (<&(£ -q)- $(£' - q))) A(q, p; £, O + 
+ (p§- q -§- q (Ht-q)-Ht'-<l))^)A( q ,p; C, O , 

where A(q,p;£,£') is a kernel of the operator A(X,X) in the configuration representation, 
and in the Wigner representation it is as follow 

^ d d d 

(CA)(xx,x 2 ) = ^2p j —A(x 1 ,x 2 ) - Tj-^iqi - q2)-Q—A(x 1 ,x 2 ) + 

j=i i 



i 
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dqdt (<%i - (ft - -V)) ~ *(<& " (ft + -17))) A( Xl ,q 2 ,0, 



2tt/ 

where Xi = (ft,Pi) 6RxR and A(x 1 ,x 2 ) is a symbol of the operator A(X,X). 



Usually the evolution of a quantum-classical system is described, in the framework of 
evolution of states (the Schrodinger picture of evolution), by the initial- value problem dual 
to fl2]), namely, the quantum-classical Liouville equation pj,[4|,[6| 

^D(t) = -CD(t), (4) 
D(t)\ t=0 = D(0). 

First, let us construct the self-consistent field approximation of this equation. For that 
we introduce the marginal states of classical and quantum subsystems correspondingly 

D(t,X) =TrD(t,X,X), (5) 
p{t) = [ dXD{t,X,X) (6) 



and the correlation operator of classical and quantum subsystems 

g{t, X, X) = D(t, X, X) - D(t, X) p{t). (7) 

If we assume that at any instant of time there are no correlations between classical and 
quantum particles, i.e. it holds g(t, X, X) = 0, then in such an uncorrelated approximation 
we derive from (T4|) a self-consistent equations set of the Liouville and von Neumann equations 
for marginal states (jSJ), © of classical and quantum subsystems 

^D(t,X) = {H C (X) +TrH int (X,X) p(t) , D{t,X)}, (8) 
ifr^Kt) = [H q {X) + f dXH int (X, X) D(t, X) , p{t)] (9) 

with initial data 

D(t)| t=o = D(0), 

p(t)U = p(o). 

We note that the initial- value problem of equations describes the evolution of all 

possible states of quantum-classical systems if correlations between classical and quantum 
particles are neglected (the self-consistent field approximation). This type of approximation 
can not be treated as the mean-field approximation since we consider finitely many particles 
while the mean-field approximation assumes the transition to the thermodynamic limit, i.e. 
it has a sense for infinitely many particles. Rigorous results about the mean-field limit of 



dynamics of quantum many-particle systems in the framework of evolution of observables 
and states are given in 8|. 

Let at the initial instant the states of quantum and classical subsystems be pure states, 

i.e. 

D(0,X) = S(X-X o ), (10) 
0(O,&O = *o(fl*o(O, 

where 5(X — Xq) is a Dirac measure, Xo is the phase space point in which we measure 
observables of classical subsystem, p(0, £, £') is a kernel (a density matrix) of marginal density 
operator ([6]) in the configuration representation, which is the projector operator on the vector 
\l/o ^ L 2 . We remark that the problem how to define a pure state of the whole quantum- 
classical system is an open problem. 

Then in the configuration representation the initial- value problem of equations ([ED,© 
is an equivalent to the initial-value problem of a self-consistent set of the Hamilton and 
Schrodinger equations 

^X(t) = {X(t),H e (X) + J d£# int (X;£,0l*(U)| 2 }, (H) 
ift^¥(f,0 = f dt'(H q (£,?) + ff to (X(t);&0)*(*,0 (12) 

with initial data 

X(t)\ t=0 = X, 

*(t,oit=o = * (e). 

For example, in the case of a one-dimensional system consisting of two interacting classical 
and quantum particles (with unit masses) equations (|lip . (}l2"]) get the form 

i»^*(t, o = ~ |^*(*>«) + *(«*) - 



with initial data (X = (g,f)) 



Q(*)|t=o = ?, ^Q(*)|t=o =v, 
*(U)it=o = *o(6> 



where <&(\Q(t) — £|) is a two-body interaction potential, Q(t) is a position at the instant t 
of a classical particle in the space. Such a self-consistent set of the Newton and Schrodinger 
equations is usually used for the description of the evolution of states of quantum-classical 
systems. 

Now we consider the description of a quantum-classical system in the uncorrelated ap- 
proximation (J7|) between classical and quantum particles in the framework of evolution of 
observables (the Heisenberg picture of evolution). 

Assume that a quantum-classical system is in an uncorrelated pure state ([TO]) , i.e. 

D(0,X;X) = 5(X -X )P q , 0J (13) 

where P^ = ($ , . ( or i n Dixac notation: Py = \ty ) (\I/ 1 ) is a one-dimensional projector 
onto a unit vector ty from a Hilbert space. In the configuration representation a kernel of 
operator ({TBI) has the form 

D(0,X;{,{;') = 5(X-X )MOn(£)- 

Then according to ([TJ) in this approximation the evolution of the canonical observables of 
quantum and classical particles is described by the Heisenberg equations set 

^X(t)I= {X(t)I, H c {X)I + H int (X,X)}, (14) 

ih^X(t) = [X(t) , H q (X) + H int (X, X)] (15) 



with initial data 



X(t)\ t=0 = X, 
X(t)\ t=0 = X. 

For example, in the case of a one-dimensional system consisting of two interacting clas- 
sical and quantum particles equations (IT4l) . (iT31) can be rewritten for pairs of canonically 
conjugated variables X(t) = (Q(t), P(t)) and X(t) = (Q(t), P(t)) in the following form 

jfi(t) = P{t), 

j t P(t) = -<b'(Q(t),Q(t)), 



where the function $' is the derivative of the function $. These equations can also be 
rewritten similar to (|lip . (|12p as equations in the configuration representation. In the Wigner 
representation they take the following fascinating form 

j t Qi(t) = P 1 (t), 
j t Qi{t) = P 2 (t), 

with initial data 

A"i(t)| t=0 = x u X 2 (t)\ t =o = x 2 , 

where Xi(t) = [Qi(t), Pi{t)), i = 1,2, and X 2 {t) = (Q 2 (t), P 2 (t)) are symbols of the opera- 
tors X(t) = (Q(t), P(t)). We note that in this representation a symbol of uncorrelated pure 
state (fT3j) defines by the following Wigner function 

D(0,x 1 ,x 2 ) = (2tv)- 1 6(x 1 -x ) j d^ {q 2 + l -h^l{q 2 - l -hi)e-^ 

and mean value ([T|) of an observable is given by the following functional 

(A)(t) = (2nhy l I dxidx 2 A(t, Xi, x 2 ) D(0, xi, x 2 ). 



In summary, mixed quantum-classical dynamics is described by the quantum-classical 
Heisenberg equation ([2]) in the framework of the evolution of observables or by the quantum- 
classical Liouville equation (J3J) in the framework of the evolution of states. A quantum- 
classical system can be described by the self-consistent Hamilton (jTTj) and Schrodinger (|T2|) 



equations set or by the self-consistent Hamilton ([T 



state (|T3l) only in an uncorrelated approximation [5|,[6|. 



and Heisenberg f|T5|) equations set and 
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